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Controlling Vibrational Chaos of a Curved Structure

Lucio Maestrello¤

NASA Langley Research Center, Hampton, Virginia 23681-2199

Nonlinear response of a � exible curved panel exhibiting bifurcation to fully developed chaos is demonstrated
along with the sensitivity to small perturbations from the initial forcing. The response is determined from the
measured time series at two � xed points. The panel is forced by an external nonharmonic multifrequency and
monofrequency sound � eld. Using a low-power time-continuous control, carefully tuned to each initial forcing
condition, produces large long-term effects on the dynamics toward taming chaos. Without knowledge of the
initial forcing, control may be achieved by destructive interference. In this case, the control power is proportional
to the loading power. Calculation of the correlation dimension and the estimation of positive Lyapunov exponents,
in practice, are the proof of chaotic response.

I. Introduction

D YNAMIC instabilityand chaos are now establishedto be com-
mon features of many nonlinear processes in engineering,

physics, climatology, medicine, astronomy, biology, neuronal sci-
ence, and ecology.Chaos manifests bene� cial as well as destructive
effects. Detecting nonlinearity is considerably easier than identify-
ing chaotic dynamics. The most common and useful tool for the
characterizationof chaos is the estimation of the correlation dimen-
sion and the Lyapunov exponent from an experimental time series.
Nonlinear analyses of time series, and especially methods based on
chaos theory, have probablycontributedtoward a better understand-
ing of many observedphysicalphenomena.Structuraldynamicsand
acoustics responses have demonstrated the existence of strong non-
linear behaviors when forced by high acoustic loading; as a result,
appropriate dynamic control techniques have been implemented to
stabilize the system. The control algorithm proposed by Ott, Gre-
bogi, and Yorke (OGY)1 has been used in many applications to
stabilize an unstable periodic orbit through the applicationof small,
carefully selected perturbations aimed at establishing control over
chaotic response.2¡7 The control method used is different from the
OGY method. It is a simple method requiring the knowledge of the
initial unstable disturbances in terms of frequency, amplitude, and
phase to cancel the growth after several bifurcations for periodicity
and chaotic responses using a small external forcing to reduce the
response. No intelligent feedback exists between what the system
is doing and the resulting actuation; the control system is a feedfor-
ward, open-loop system. Control of chaos using controllers that are
very simple relative to the system being controlled is discussed by
Braiman and Goldhirsch8 and by Corron et al.9 The present experi-
ment is designed to control the chaotic response via initial forcing
by changingthe system dynamics of a curvedpanel structure loaded
by high-intensity sound.

Instability and chaos, two of the main concepts associated with
nonlinear vibration, have revolutionized our understanding about
the response of a dynamic system. Because there is no universal set
of eigenfunctionsfor a nonlinearsystem,most data analysesare per-
formed in the time domain. Because of the complicateddynamicsof
the response,prediction is impossible over extended time; however,
the experiments are done to gain insight into the limitations set by
nonlineality.10¡14 In our experiments, the linear system fails to de-
scribe structuralresponseinducedby high-intensitysound.Stochas-
tic measurementsare not usefulbecausethey concentrateon average
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quantities such as correlation coef� cients and autocorrelationfunc-
tions, and they are not able to distinguish between the data from
a linear system and those from a nonlinear system, whereas short-
term measurements reveal the time limit of a reliable prediction.
One cannot repeat the experiment exactly because of the changes in
the initial forcing because this is one of the most peculiar features
of a nonlinear chaotic response.15 In a previous experiment, a panel
forced by constant or accelerated � ow and sound exhibits different
dynamics for each experimental run; this indicates the dependency
on the unpredictable initial forcing.10;16 Furthermore, tension and
curvature of the structure depend on the loading, and they consti-
tute a coupling with the response;one manifestation is spontaneous
surface deformation. Some related problems are elastic structures
forced by jet noise, turbulent boundary layer at constant and accel-
erated speed, and � utter behaviors such as wings and panels with
various nonlinearities.17¡25 Military aircraft structure is forced by
an external jet of a level of 160 dB, which is 20 dB above the level
of the present experiment. An example related to medical science
is that the heart under normal conditions has a periodic rhythm;
however, as one nears a heart attack, it becomes chaotic,26 and in
neurophysiology,nonlinear science is used to clarify the principles
of the functioningof the brain. We explore how chaotic response of
a � exible curved panel forced by external single and nonharmonic
multifrequencysound can be controlledby using active controlwith
the knowledge of the initial forcing. Without the knowledge of the
initial forcing,control is achievableby the equilibriumof forcesand
by damping.27 Traditional control methods have avoided chaotic re-
sponses,which comprisea largeand rich part of the physicalsystem.
The initial forcing is unknown in a time series of unknown origin;
therefore, a technique is introduced to determine the initial forcing
by using the time series of the experimental data.15;28;29 From the
data, we want to determine whether the system response is chaotic
by using techniques drawn from classical dynamics. One can argue
that the time series has been generated by a random � eld; however,
the de� nition of chaos includes three elements: 1) determinism, 2)
aperiodicity, and 3) sensitive dependence on initial conditions.30;31

This paper begins by describing the instrumentationfollowed by
the description of a technique used to determine the initial forcing
and the description of the panel response and the method used for
active control. The paper is organized as follows. Section II dis-
cusses instrumentation.Analysis of the data is reported in Sec. III.
Results are given in Sec. IV, with Sec. IV.A describing the wall
pressure, Sec. IV.B describing the panel response, Sec. IV.B.1 de-
scribing a search for initial forcing, Sec. IV.B.2 describing panel
responseand active control from multifrequencysound, and section
IV.C describing panel response and active control from monofre-
quency sound. Section V discusses the correlation dimensions and
Lyapunov exponents.

II. Instrumentation
The experimentis set up to study the nonlinearresponseof panels

excited by plane acoustic waves at normal and oblique incidences.
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Fig. 1 Experimental setup.

a) Measured real-time pressure

b) Computed power spectral density

c) Computed phase plot

d) Computed probability density

Fig. 2 Normalized wall pressure � uctuation.

The panels are curved airplane fuselage types made of 6061-T6
aluminum machined from a plate into two panels separated by a
longitudinal tear stopper. The tear stopper has a 0.5-cm radius of
curvature (arc length) to minimize the amplitude of the re� ected
and transmittedwaves. The structureis 0.609 m wide, 1.019 m long,
and 0.109 cm thick, with a radius of curvature of 2.529 m. The two
panels are the same size, and the structure is mounted in a rigid par-
tition dividing two anechoic rooms, the source and the transmission
rooms (see Fig. 1). The acoustic sources are created by four 120-W
phase-amplitudematched speakers mounted in a horn diffuser and
are capable of generating approximately138 dB of acoustic power.
The wall pressure� uctuationsare measuredwith miniaturepressure
transducers mounted � ush within the tear stopper between panels.
The vibration response is measured with two miniature accelerom-
eters located at one-quarter length and three-quarter length of the
panel on the centerline. The transmitted pressure is measured with
a pressure transducer. The active controller is a feedforward, open-
loop system. The control actuator is mounted at the center of the
lower panel and is freely suspended.Two accelerometersignalspro-
vide the outputsignalfrom the panel motion.Another accelerometer
is placed at the shaker–panel interface. All measurements are made
from direct-current response.

III. Experimental Technique and Data Analysis
The nonlinear time series for short-time signal processing is the

basic tool used to analyze the experimentaldata. They are applied to
inputand transmittedpressureand panelresponse.A limitednumber
of dynamic variables and positions can be measured on the panel.
The key element in resolving the problem is that the full system
phase space has one-to-one correspondencewith the measurements
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of a limited number of point and variables. Local properties of the
dynamics for readers unfamiliar with them are as follows.

1) Energy variance is a technique used to locate unstable orbits
and consists of time series, spectrum, phase portrait, probability,
and Poincaré map.

2) Initial forcing determine whether the trajectory of the attractor
diverges exponentially.

3) Correlation dimension is the number of degrees of freedom.
4) Lyapunov exponent governs the exponentialdivergence in the

neighboring trajectories in a nonlinear system; thus, the sign of the
Lyapunov exponent determines the behavior.

The time history of the wall pressure � uctuation and panel accel-
eration is measured; the power spectral density, the phase portrait,
and the probabilitydistributionare computed from it. For a nonsta-
tionary signal q.t ; x/, such as the pressure � uctuation p.t; x/ and
the panel acceleration g.t ; x/, the instantaneouspower spectrum at
instant T is de� ned by

P. f; T / D
­­­­

1

2¼

Z T C I=2

T ¡ I=2

exp.i2¼ f t/q.t ; x/ dt

­­­­
2

where T is chosen so that the experimental run contains the interval
T ¡ I=2; T C I=2 for a suf� ciently large I . The probability density
of Oq.T; x/ is denoted by Q.r; T /, where

Oq.T; x/ D 1
I

Z T C I =2

T ¡ I =2

q.t ; x/ dt

Q.r; T / D d

dr
prob[ Oq.T; x/ · r]

In chaotic dynamics, searching for a low-dimensional charac-
terization of the system is of great interest. Let q.t; x/ be a mea-
sured temporal signal or time series at position x , which is em-
bedded in a d-dimensional phase space by a time delay ¿ . Let
z1.t/ D q.t; x/, z2.t/ D z1.t C ¿ /, and zd .t/ D z1.t C d¿/. The set
Z .t/ D [ z1.t/; : : : ; zd.t/] for t ¸ 0 is regarded as a trajectory in the
d-dimensional phase space. The distance between two points Z .ti /
and Z.t j / is given by di j , and for a small " > 0, let Nd.n; "/ be the
number of pairs of points with distancedi j < ". Then the correlation
sum Cd."/ and the correlation dimension D.d/, for given d , are
de� ned by Grassberger and Procaccia32 as

Cd."/ D lim
n ! 1

2Nd.n; "/

n.n ¡ 1/

Dd D lim
" ! 0

logCd ."/

log "

For computation, the parameters ¿ and d must be chosen properly,
and the correlation dimension Dd is estimated by

Dd ¼ log Cd.n; "/

log"

for a suf� ciently small " and large n. The estimated dimension D is
taken as the asymptotic value of Dd as the embedding dimension d
increases.

Given the estimateddimension D and usingthe methodadvocated
by Grassberger and Procaccia,32 the Lyapunov exponent, which is
one of the most important characteristics in the dynamics system,
can be approximately computed. Several methods exist for com-
puting the Lyapunov exponents.15;28;29;32¡35 The Eckmann–Ruelle
method34 is used herein. Consider Z .t/; t ¸ t0, as the trajectory of
a dynamic system in the phase space of dimension d D D. For
i D 1; 2 : : : , let the local tangent line approximations for the tra-
jectory at time t be denoted by Ti , known as the tangent (linear)
maps. The dynamic system is reconstructedby a least-squares� t to
these linear approximations.TechnicallydecomposingTi into an or-
thogonalmatrix Qi and an upper triangularmatrix U1 by T1 D Q1 R1

and Ui by Ti Q i ¡ 1 D Q i Ri , for i ¸ 2, the Lyapunov exponents can
be computed as follows:

¸i D lim[ 1=.k ¡ 1/] logj.Rk ¡ 1; : : : ; R2 R1/i i j

for i D 1; 2; : : : ; D. For details, see the Eckmann–Ruelle algorithm
given by Maestrello16 and Conte and Dubois.33

IV. Results
Time series for short-time signal processing is applied to identify

the input wall pressure and panel response to describe the complex
surface vibration. The time series of chaotic signals has broadband
components, and we select the loading frequencies on the basis of
the maximum acoustic power delivered by the acoustic drivers and
on the level of the panel response.

A. Wall Pressure
The surface pressure � uctuations with 138-dB input acoustic

powerwere measuredon the rigid surfaceof the tear stopperbetween
panels because the pressure transducer cannot be mounted on the
vibrating panel without altering its response (Fig. 1). The loading

g(t)

Time, t

Variable input

Initial 
forcing

Constant 
input

Fig. 3 Temporal evolution of the panel acceleration response; loading
induced by the frequencies f1 = 387, f2 = 425, f3 = 512, and f4 = 687 Hz.

a) Input pressure

b) Panel r response

c) Transmitted pressure

Fig. 4 Spectral density of the initial forcing.
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a) Measured acceleration response

b) Computed power spectral density

c) Computed phase plot

d) Computed probability density

Fig. 5 Panel acceleration response at one-quarter panel length.
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is induced by the sound from four nonharmonic frequencies cor-
responding to f1 D 387, f2 D 425, f3 D 512, and f4 D 687 Hz. The
measured real-time pressure p.t/ of the time series over the interval
T , the computed power spectral density P. f; T /, the phase plots of
the computed Pp.t/ vs p.t/, and the computed probability density
Q.r; T / are shown in Fig. 2. The real-timewall pressure p.t/ shown
for an interval of 0.079 s, T , is used to evaluate the spectrum, phase,
and probability. The time series of the data is not periodic over a
short or over an extended time, the spectrum is dominated by four
basic forcingfrequenciesand harmonics, the phase plot indicatesdi-
vergencyand nonsymmetry in time, and the probabilityplot is not a
normaldistribution.Simultaneouspressuremeasurementsat several
locations along the tear stopper indicate minor variations in ampli-
tude and phase. The analysis suggests that the wall pressure data
came from few degrees of freedom, and it is natural to look to the
low frequenciesand large scale as the origin of the low-dimensional
signals.

B. Panel Response
We analyze the case where the featuresof the nonlinearvibrations

that ariseare completelydeterminedby the initialforcingconditions.
Namely, the initial forcing conditions will play a role in the driving
parametersthatdeterminethe responseand the role for controllingit.

1. Search for Initial Forcing Parameters on Long-Term Response
Because the loading increases from the start, initial bifurcations

are observedwith the formulationof subharmonicand harmonic re-
sponses in a similar manner observedby Maestrello et al.36 It is well
known that the periodic forcing of a nonlinear dissipative dynamic
system can lead to chaos. Similar to the sensitive dependence on
the initial forcing, the chaotic transition depends sensitively on the
initial forcing, such as the amplitude and frequency of the forcing.
Because it has such a sensitivedependenceon the initial forcing pa-
rameter, the idea of using a weak periodic external force to control
the chaos has been suggested.

In the experimentalinvestigation,the dynamicsystemis governed
by the nonlinear partial differential equation for a curved elastic
panel. The system might be expected to behave in an analogous
manner to the periodically forced Duf� ng–Holmes equation, and
the control strategy is based on this idea (see Ref. 37). Control
techniquewas illustratedin the papers by Braiman and Goldhirsch8

and Chacon and Bejarano38 among others.

e) Panel response vs controller response

f) Controller response

Fig. 5 Panel acceleration response at one-quarter panel length (continued).

The forcing function is assumed to be quasi periodic of the form

p.a; !; t/ D
nX

i D 1

ai cos.!i t C Ái /

with given forcing parameters equal to the amplitudes .a1; a2; : : : ;
an/ D a, the circular frequencies .!1; !2; : : : ; !n/ D !, and the
phases Á1; Á2; : : : ; Án , where the frequencies are assumed to be
incommensurate. Theoretically the transition to chaos caused by
quasi-periodicforcing is not well understood.Based on the result of
the monofrequencyforcing, it is possibleto supposethat the chaotic
transitiondue to a quasi-periodicforcing dependson the initial forc-
ing parameters ai and !i as well. The experimental result seems to
con� rm this conjecture.

In the experimental study, for the initial forcing � eld, the wall
pressure p is induced by an acoustic incident plane wave with four
given frequencies: f1 D 387, f2 D 425, f3 D 512, and f4 D 687 Hz,
where fi D !i =2¼; i D 1; 2; 3; 4.

To begin, the initial forcing amplitudes ai are kept small. As
time progresses, the amplitude is increased gradually to drive the
system into a chaotic state. In each run, the panel response g.t/
(the panel acceleration) and transmitted acoustic pressure pr .t/ are
measured. The results show that the chaotic panel responsedepends
strongly on the forcing conditions, the parameters ai in this case.
The acceleration response g.t/ D d2w=dt 2 of the panel, as the am-
plitudesai increase in time to a set of constantpostchaotictransition
values, is shown in Fig. 3, where a nonsymmetricalpanel response
g.t/ is indicated in the chaotic regime. Based on the measured data,
the � nite time T , the wall pressure p.t/, the panel responseg.t/, and
the transmitted pressure pr .t/ and, then, by the Fourier transform,
the corresponding spectral density functions of the wall pressure
P. f; T /, the panel response G. f; T /, and the transmitted pressure
Pr . f; T / are calculated.At low frequency,a comparisonof the spec-
traldensityismade in Fig.4.As expected,the wall pressurespectrum
P. f; T / shows peaks at the four initial frequencies f1 – f4. The panel
response spectrum G. f; T / exhibits robust peaks at the same four
forcing frequencies, f1 – f4 and, in addition, at the subharmonics
1=2 f1 and 1=2 f2 as well as the harmonics 2 f1 and 2 f2. The other
peak frequencies are incommensurable. The transmitted pressure
spectrum Pr . f; T / also shows the same four forcing frequencies
with subharmonics and harmonics. Thus, from the experimental
evidence, it is seen that at low frequencies, the four basic forcing
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a) Measured acceleration response

b) Computed power spectral density

c) Computed phase plot

d) Computed probability density

Fig. 6 Panel acceleration response at three-quarter panel length.
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frequencies f1 – f4 appear prominently in both the panel response
and the transmitted pressure power spectra.

To suppress the chaos, in view of the sensitive dependence on
the initial forcing parameters, it is sensible to use a weak forcing
u."; !; µ; t/ as a control. Previous experiments indicate that non-
linearity and chaos are sensitive to the initial loading conditions.36

In particular, u is taken to be

u."; !; µ; t/ D
4X

i D 1

"i cos.!i t C µi /

where !i , i D 1; 2; 3; 4, represents the initial forcing frequencies
and the amplitudes"1; "2; "3 , and "4, which are small, and the phases
µ1; µ2; µ3, and µ4 are to be adjusted experimentally to suppress the
chaos. In practice the forcing frequencies fi need not be known.
Then, at least for the low-frequency case, they may be identi� able,
amid the subharmonicsand harmonics,from the peak frequenciesin
the panel response and transmitted pressure power spectra G. f; T /
and Pr . f; T /. Such peak frequenciesare selectedas possibleforcing
frequencies as a trial control function u. The possibility is tested in
Secs. IV.B.2 and 3 as part of the chaos control strategy.

2. Uncontrolled and Controlled Response from Multifrequency Loading
Measurements of the panel response are made simultaneously

at two points along the centerline, at one-quarter and three-quarter
length. Figures 5 and 6 show the acceleration response g.t/ of the
time series over the time interval T , the computed power spectral
density G. f; T /, phase plot of the computed Pg.t/ vs g.t/, and the
computed probabilitydensity NQ.r; T /. Also, panel response g.t/ vs
controller response c.t/ are shown in Fig. 5. A particular feature
of the power spectra is the appearance of numerous incommen-
surate frequencies mixed with harmonics and subharmonics. The
abrupt changes occurring in the time series have been previously
observed39 to be the result of frequency locking among previously
incommensuratefrequencies.Then the appearanceof chaos, behind
the locking state, was described to be the loss of synchronization
between frequency locked modes. The temporal evolution of the
power spectra showed pulsating chaotic behaviors from nonlinear
coupling among mode waves. We determine whether the nonlin-
ear determinism can be detected even when mixed with probable
noise from the measured time series. We estimate the dimension
and Lyapunov exponentover a � nite time interval T . The results in-
dicate that some exponentsare positive(see Sec. V). The responseof
the two accelerometerssymmetrically placed on the panel indicates
loss of correlation for high input level and indicates correlation at
lower input level. The difference in response between accelerome-
ters is shown by the time series in Figs. 5a and 6a, and by the power
spectra levels and distributionsin Figs. 5b and 6b. The phase portrait
plots are skewed indicating unsymmetrical response, and the prob-
ability plots are not a normal distributionand have a larger standard
deviation than at a lower level in Figs. 5c, 5d, 6c, and 6d. The con-
troller is virtually driven by the panel response in an uncontrolled
state in Figs. 5e and 5f. In general, power spectra are very good
for the visualizationof periodic and quasi-periodicphenomena and
their separation from chaotic time evolution. However, the analy-
sis of chaotic responses themselves do not bene� t much from the
power spectra because they lose phase information, which is essen-
tial for the understandingof what happens on the strange attractor.
In the latter case, the dimension of the attractor is no longer related
to the number of independent frequencies in the power spectrum,
and the dimension has been related to the concept developedfor the
experimental technique and data analysis in Sec. III, with details
obtainable elsewhere.34;35

Activecontrolof the panelresponseisachievedat lowinputpower
by usingtime-continuouscontrol,carefullytunedateach initialforc-
ing frequency. Active control is sensitively dependent on the initial
forcing40; knowledge of it is a requirement for achieving control.
There is no intelligent feedback between the system and actuation
(Fig. 7). The broadband response is generated by four frequencies:
f1 D 387, f2 D 425, f3 D 512, and f4 D 687 Hz (Figs. 5b and 6b).
The controller is symmetricallyplaced between two accelerometers
and driven at all initial forcing. The amplitude increases at each

Fig. 7 Feedforward, open-loop control system.

forcing frequency when control is applied; the phases are adjusted
to achieve control. Amplitude reduction starts at the highest fre-
quencies. The amount is related to the power input to the controller
for each forcing frequency selected during the initial part of the
run. As the amplitude of the control frequencies increases, recip-
rocally the amplitude of all other frequencies decreases with slope
greater than 1= f . Results indicate that part of the energy is trans-
ferred from high to lower frequencies, while a very small part is
dissipated. A simpler control mechanism was used in an earlier ex-
periment in which the energy from the high-frequency harmonics,
superimposed on a turbulent boundary layer in accelerated � ow,
accumulate into the fundamental through phase and amplitude tun-
ing during the control process with very low dissipation.10 In our
present experiment, control is achieved by actively controlling all
four frequencies (Sec. IV.B.1) through phase and amplitude tuning
procedures with several stage adjustments. In stages, the controller
forces the panel with amplitude and phase variations so that the
energy of the high-frequencyband is shifted toward the control fre-
quency.Activecontrolis not straightforward,and the desiredcontrol
is not always achievable.The � nal results indicate that the medium-
and high-frequency broadband response is reduced on the average
by about 3 decades in amplitude. The time trace amplitude is also
reduced, and the response changes into a quasi-periodicstate.

3. Uncontrolled and Controlled Response from Monofrequency Loading
To widen the scope of the experiments, monofrequency loading

f D 1050 Hz was used to illustrate the response and active control.
Figures 8a and 8b show the uncontrolledand controlledpower spec-
tral density,an example in which the controllerinput is obtainedwith
knowledge of the initial forcing of the panel dynamics. Results in-
dicate that monofrequencyloading can induce broadbandresponse.
Monofrequency loading and control have been reported on three
unrelatedexperimentswith the view of examining the energy trans-
ferred between mode waves to illustrate the role of initial forcing
on control strategy using time series of the measured data.40 Ac-
tive control reduces the broadbandspectrum to a periodic spectrum,
fundamental and harmonics. The harmonic frequencies have sim-
ilar amplitudes, whereas the control spectrum for multifrequency
excitation (Figs. 5b and 6b) showed rapid decay.

Figure 8c shows an additionalexample of controlled power spec-
tral density, in which the controller frequency f D 2100 Hz does
not correspondto the forcing frequency f D 1050 Hz. This is a case
in which control is applied indiscretely at some (arbitrary) peak
frequency. This example demonstrates that when the control fre-
quency does not correspond to the forcing frequency, control is not
achievable via the stability approach. Figure 8c indicates that spec-
trum level and distributionare virtually unaffected when compared
with Fig. 8a. From the experiment, we learn that, when the control
frequency does not correspond to the initial forcing, control can
be achievable by destructive interference, which requires that the
controlling power approach the loading power. On the other hand,
when controlis obtainedwith the use of the initial forcing,the power
required is very small.

V. Correlation Dimension and Lyapunov Exponents
The possibility of derived relationships between the correlation

dimension D and Lyapunov exponents by using the Grassberger
and Procaccia algorithm has been previously described.32 The fun-
damental role played by Lyapunov exponents in de� ning chaotic
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a) Uncontrolled with initial condition

b) Controlled with initial condition

c) Controlled with different initial condition

Fig. 8 Panel accelertaion response at one-quarter panel length single
frequency loading.

dynamicshas stimulatedthe searchfor a statisticalframeworkwithin
which the accuracy of estimated exponents might be quanti� ed.30

Con� dence bounds on estimationare of great interest.Experimental
observations are limited, and it is in the � nite time that Lyapunov
exponents are of interest in our data analysis. The dimension of the
attractor was determined to be related to the number of degrees of
freedom of the panel response, a method described by Abraham
et al.,11 Ruelle,30 Screenivasan,41 and Sahay and Screenivasan.42

To compute the dimension, we choose a range of size over which
the scaling is to be estimated. The number of dimensions of the
panel response increases with the increase in acoustic power level.
The computation procedures have been previously illustrated by
Maestrello16 and Conte and Dubois.33

Figure 9 shows the computed exponents¸2; ¸4 , and ¸6 vs the em-
bedding time .D ¡ 1/¿ obtained from the acceleration response of
the panel from the time data typical of the uncontrolled response
shown in Fig. 5a. Only the values of the positive exponents are
shown; most of the exponents are negative. Even a single posi-
tive exponent is suf� cient proof that the attractor of the system is
chaotic. As a conservative rule, 16 bit of precision are used for the
experimental calculations.When the panel input acoustic loading is

Fig. 9 Lyapunov exponent function of embedding time.

reduced, the largest Lyapunov exponent values decrease, and they
become negative.

VI. Conclusions
Two selected examples of active control of broadband chaos re-

sponse on a panel structurehave been illustrated.Many otherscould
be cited. Much effort has been spent on the controlof chaos because
in practice it may be impossible to avoid. We have observed the
inherent sensitivity of the elastic panel response to initial forcing.
Chaos response was anticipated from the experimental time series
and by the numbers of subharmonics and harmonics in the spectra.
The chaoticstatehas low-dimensionalin� uenceviews from the Lya-
punov exponent test. The loading is temporally chaotic and weakly
spatiotemporallycorrelated.

We experimented with the controlling mechanism using small
perturbationsabout the initial forcing with controllingsignal power
far below the power produced by the chaotic system response. The
complexity of chaos and the sensitivity to small perturbations to
initial condition are combined to control the responses. We demon-
strated stabilization and control of chaos on time-continuous feed-
back, carefully tuned to each initial forcing. Control is easy to im-
plement; it stabilizes broadband chaos on a panel ef� ciently and is
resistive to exterior noise.

Destructive interference and damping are the two most popular
control methods in the literature; however, they are not part of the
rapid progress made in understandingthe dynamicsof deterministic
nonlinear systems, especially chaos, initial forcing, and control by
low-power feedback.

Finally, some practical guidelines indicate that active control is
achievable because the initial forcing is determined. In a � ight ex-
periment where the structural response is related to the load, that
is, the wall pressure difference, the initial forcing needs to be deter-
mined so that the stability control law may be ef� ciently applied.
These developments have raised further new interesting questions
and potentialities.
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